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A NON-STANDARD REPRESENTATION FOR
BROWNIAN MOTION AND ITO INTEGRATION

BY
ROBERT M. ANDERSON'

ABSTRACT

In a recent paper [10], Peter A. Loeb showed how to convert non-standard
measure spaces into standard ones and gave applications to probability theory.
We apply these results to Brownian Motion and ItS integration. We first
develop a number of new tools about Loeb spaces. We then show that Brownian
Motion can be aobtained as the Loeb process corresponding to a non-standard
random walk obtained from a *-finite number of coin tosses. This permits a very
constructive proof of a special case of Donsker’s Theorem. The It6 integral with
respect to this Brownian Motion is a non-standard Stieltjes integral with respect
to the random walk. As a consequence, an easy proof of It6’s Lemma is
possible. The results in this paper were announced in [1].

1. Introduction

Non-standard analysis, introduced by Abraham Robinson in 1960 [14],
provides a rigorous means of developing analysis using infinitesimals. It is
particularly attractive as a means of reducing continuous processes to discrete
ones. For this reason, a number of authors have applied non-standard analysis to
problems in measure and probability theory. The following are of special
relevance to the subject matter of this paper.

Bernstein and Wattenberg [2] showed that Lebesgue measure on [0, 1] can be
realized as counting measure on a *-finite collection of points in *[0,1]. More
specifically, they proved that there exists an internal subset F of *[0, 1] such that,
for all Lebesgue measurable sets B, the Lebesgue measure of B is given by
"(FN*B|/|F|), where || denotes (internal) cardinality.

D. W. Miiller [13] used non-standard analysis to give a new proof of the
Donsker-Prokhorov invariance principle, and thus establish the existence of

" This work was carried out while the author was supported by a Canada Council Doctoral
Fellowship. The author is grateful to Professors D. J. Brown, J. L. Doob, S. Kakutani, H. J. Keisler,
P. E. Kopp, and P. A. Loeb for their helpful suggestions and criticisms.
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Brownian Motion. His proof relied on a non-standard characterization of tight
measures; it thus did not provide a non-standard representation of Brownian
Motion per se.

Reuben Hersh [5] produced a discrete non-standard analogue of Wiener
measure. In an approach reminiscent of that of Bernstein and Wattenberg, he
constructed a *-finite set F of polygonal functions and set w(B)=
(FN*B|/|F]) for any subset B of C([0,1]). However, Hersh’s measure is not
countably additive on the Borel subsets of C([0, 1]) and, indeed, is supported on
a countable set. Our approach will make use of a related set of polygonal
functions; however, we shall induce a countably additive extension of Wiener
measure on C([0, 1]).

Allan F. Abrahamse {0] considered Brownian Motion and White Noise in the
context of generalized random processes. He constructed an internal stochastic
process defined on *R by summing a *-finite number of independent random
variables, and demonstrated that this process generates essentially the same
generalized random process as Brownian Motion. This is a reasonable character-
ization of Brownian Motion among standard stochastic processes. However, it
leaves room for very bad local behaviour in non-standard stochastic processes.”’

Hersh and P. Greenwood [6] used non-standard increments to obtain some
interesting results about standard increments (including quadratic variation) in
Brownian Motion and other stochastic processes. Their methods, however, did
not produce a non-standard formulation of the It6 integral or a proof of Itd’s
Lemma.

Peter A. Loeb [10] recently introduced a new technique for formulating
probabilistic processes in non-standard terms. He showed how to convert a
non-standard measure space (X, &, ) into a standard space (X, o (), L(v))
which inherits most of the structural properties of the original space. This is
particularly useful if &/ is *-finite. Loeb gave applications to coin tossing and the
Poisson process. H. Jerome Keisler has used Loeb spaces to facilitate a synthesis
of continuous and discrete processes in Economics.

In the next section, we develop a number of tools which will be needed for the
application of Loeb spaces to probabilistic problems. We first extend Loeb’s
integration theory to unbounded functions and to spaces X with L (¢ )(X) = + .
In particular, we define SL? (X, &, v), a well-behaved factor space of a subspace
of *L?(X, o, v) and show (Theorem 11) that it is isometrically isomorphic to
L?(X, L(sf), L(v)) via the standard part map; here (X, L (), L(v)) denotes the

' It can be shown that Abrahamse’s process satisfies a continuity condition similar to our
Theorem 27. Thus, his process could have been used to induce a Brownian Motion on R.



Vol. 25, 1976 BROWNIAN MOTION AND ITO INTEGRATION 17

completion of (X, o (), L (v)). This permits us to transform functions from one
space to the other while preserving integration properties. We show (Corollary
17) that the Lebesgue measure space is the image under a measure-preserving
transformation of a *-finite Loeb space. This may be thought of as an easier
alternative to the Bernstein—Wattenberg [2] construction of Lebesgue measure.
The construction may be generalized to any o-finite Radon measure on an
arbitrary Hausdorff space; the details will be presented in another article. We
show (Theorem 22) that the Loeb space of a product X X Y is closely related to
the product of the Loeb spaces of X and Y. Finally, we prove an analogue of the
Central Limit Theorem (Theorem 21).

In the third section, we show that Loeb spaces permit a natural representation
of Brownian Motion. Our method will be to consider a non-standard *-finite
random walk y. An easy computation shows that B8, the standard part of this
random walk, is Brownian Motion (Theorem 26). Path continuity follows easily
(Theorem 27); hence we get Wiener measure on C([0,1]). In addition, this
provides a natural setting for proving a special case of Donsker’s Theorem
(Theorem 29). The weak convergence of the measures induced by the finite
random walks is demonstrated by exhibiting their weak limit as the measure
induced by x. In another article, we shall show how the argument can be
generalized to give a natural characterization of weak convergence; similar
results have been obtained independently by Salim Rashid.

In the fourth section we use the *-finite random walk formulation to develop
the theory of Ito integration. The . .in difficulty in the standard theory is that
almost all paths of Brownian Motion are of unbounded variation. However,
every path of y is of *-bounded variation. Hence, given a *-integrable function g,
we can define a *-Lebesgue-Stieltjes integral [ gdy. We shall show (Theorem 33)
that, if f is It6-integrable with respect to B, there is a lifting g of f such that
g =f and [ fdB ="[ gdy. It then follows that almost every path of [ fdB is
continuous (Theorem 35) and that f fdB is itself It6-integrable (Theorem 36).
Moreover, x has the property that, over appropriate infinitesimal intervals
[a,b], (dx)Y = (x(b)— x(a))*= b — a = dr. This simple observation leads to a
direct and easy proof of It6’s Lemma (Theorem 37).

Further applications to the theory of stochastic integration and stochastic
differential equations will be given in another article.

2. Properties of Loeb measure spaces

In this section, we study the properties of Loeb spaces. We assume throughout
that we have a structure containing the real numbers R, and a denumerably
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comprehensive enlargement of this structure. Assume that X is an internal set in
this enlargement, o an internal algebra of subsets of X, and v an internal finitely
additive set function v: s —>*R".

Loeb showed that v must necessarily be countably additive and used the
Caratheodory Extension Theorem to form a standard measure space
(X, o (), L(v)) where o () is the smallest o-algebra containing &, and L (v) is
the unique extension of “v to o(sf)." We shall find it convenient to consider
instead the completion of (X, o(#), L(v)); we denote this complete measure
space by (X, L(#), L(v)), and refer to it as the Loeb space of (X, #, v).

DerNniTION 1. f: X — *R is finite if

i) f is &/ -measurable,

it) there exists n € N such that |f(x)| < n for all x € X,
iil) “v({x : f(x)# 0} < + 0.

Remark 2. Loeb showed that, for each B € o(A) with L(v)(B) < + =, there
exists A € o such that L(v)(BAA)=0, where BAA denotes symmetric
difference. This statement also holds for all B € L (&) such that L(v)(B)< + .
He further showed that, if f: X—>*R is sf-measurable, then °f:X—
R U{+ o, —o}is o(«)-measurable. Finally, he showed that if f: X —»*[— n, n]
for some n € N, then [, fdv = [, fdL(v) for each A € o with L(¥)(A)< + .
It follows that if f is finite, then °f is L (v)-integrable and * [ 1 fdv = [, fdL (v) for
each A € A.

DerINiTION 3 (Cf. [2, p. 185]). f: X = *R is S-integrable if
i) f is & -measurable,

i) "(x|fldv)< +e,

ii) A€o v(A)=0>Ju|f|dv =0,

iv) A€ A f(AYCr(0)D> [alfldv=0}

THEOREM 4. Suppose f: X — *R is s{-measurable. Then f is S -integrable if and
only if there exists a sequence of finite functions {f.}.e~ such that

(L |f—f,.|dv)-—>0 as n—o,

Proor. Suppose f is S-integrable. For n € *N, define

* The uniqueness in the case 'v(X)= +x was supplied by Ward Henson.
*If L(»)(X)< +, condition (iii) in Definition 1 and condition (iv) in Definition 3 are
redundant. This is the only case required for Sections 3 and 4.
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0 if |f(x)|<1/n,
_J tn if f(x)>n,
s flx)y it Un=[f(x)|=n,
-n if f(x)<-—n

Forali n € *N, f, is sd-measurable; for n € N, f, is finite. For each w € *N — N,

vx: | f) > o)== [ 11w dv =0,

Hence

[ ro-fwiavs] igwla

()F fulx)

= wlav [ lfeldv=o.
[f)>w IFx)l<1/w

Hence “(f | f(x)— f.(x)] dv)—0 as n — o,

For the converse, let {f,} have the given properties, and sup| f, | < n. It is clear
that °(fx | f| dv) < + . Suppose we are given ¢ € R*. Find n € N such that
‘Ux|f—f.|dv)<e/2. Suppose A € o, v(A)<e/2n. Then

L |f|dvénv(A)+L [f=foldv<el2+el2=¢.

In particular, if ¥(A)=0, f |fle - <€ for all ¢ ER™, so f |fldv=0.
A A

If A € o and f(A)Cp(0), then there exists some n =0 such that | f(x)| <7
for all x € A. Let

oy = () i [f(x)] = 1f(x)],
f+x) {f(x) it £, > [ f(x)l:
Then L If(x)ldvéL |f£.|dv+L = il dv

= gv({x: fux)#0})+ L [ f—fa|dv.

Since the first term is infinitesimal for all n € N, and the second term tends to
zero, [ |f(x)]|dv=0.

CoROLLARY 5. Suppose f is S-integrable, g is o{-measurable, and | g(x)| =
[f(x)] for all x € X. Then g is S-integrable.
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ProoF. Let f, be a sequence of finite functions such that *[x |f — f. | dv — 0.
Let

g(x) if [fu(x)] = |g(x)]
gn(x)=
’f"(x)'|g(x)| it [fa(x)| <[g(x)l.

Then g. is finite, and |g(x)—g.(x)|=|f(x)—f.(x)| for all x. Hence
Ix|g—g.|dv—0.

THEOREM 6. Suppose f: X —*R is S-integrable. Then "f is L (v)-integrable
and “(fafdv) = [4"fdL (v) for any A € A.

Proor. Let {f.}.en be a sequence of finite functions such that °(flf—
fo|dv)—0 as n >, °f, is L(v)-integrable by Remark 2. For each ¢ ER",
L@)({x:[f(x)="f.(x)|>e})—>0as n >, s0"f, > °f in measure (with respect
to L(v))

[rf=tutacey=([11~fular) s ([ 15, s1av) 4 [ 1 = F1 ) >0
as m,n— .,
Therefore, {f.} is a Cauchy sequence in L'(X, L(sf), L(v)).
Hence °f € L'(X, L(sA), L(v)), and

THEOREM 7. Suppose g: X — R is L(v)-integrable. Then there is an S-
integrable f: X — *R such that °f = g (almost everywhere with respect to L (v)).

* Prook. Loeb gives L. C. Moore Jr.’s proof of a result containing a special case
of this theorem: it is assumed that g is bounded and o (s )-measurable, and that
L(v)({x:g(x)#0}) < +: f is found to be finite. By Remark 2, Moore’s proof
goes over immediately to the case where g is bounded and L (&f)-measurable.
We now turn to the general case. Let

( +n g(x)>n,

gx) 1ln=lgx)=n (nEN),

8 (x) = 9
-n g(x)< —n,

L 0 lg(x)|<1/n.
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By the Dominated Convergence Theorem, [x|g —g.|dL(v)—0 as n—,
Since g is integrable, L (v)({x: g.(x) # 0}) < + . In addition, g, is bounded and
L(sf)-measurable, so we may find f, finite such that °f, = g.(L{(»)-almost
everywhere).

<L ‘fn_fmld”>=fx |g— 8n|dL(¥)—>0 as nm-—>wx

Using the fact that our enlargement is denumerably comprehensive, we may
extend {f.}.e~ to an internal sequence. Then there must exist w € *N — N such
that f. is s{-measurable and "(fx|f, — f. | dv)— 0 as n — . Write f = f,. Thus f
is S-integrable, so by Theorem 6 °f is L(v)-integrable.

[ 1r-gtacos| r-niae)+ | rr-gldw

=°<L |f—f,,]dv)+fx |ga—gldL(v)—>0 as n—oo,

Therefore fx|f—g|dL(v)=0, so ’f = g(L(v)-almost everywhere).

CoroLLARY 8. Let f and g be as in Theorem 7. Then for A € oA, [4fdv =
JagdL(v). Moreover, f is uniquely determined in the sense that, if f, is S-integrable
and “f; = g(L(v)-almost everywhere), then [x|f— f.|dv =0.

Proor. Immediate.

THEOREM 9. Suppose f: X — *R is of-measurable. Then the following are
equivalent:

i) fis S-integrable,

i) °f is L(v)-integrable and *f|f|dv = [|°f|dL (v),

iii) °f is L(v)-integrable and “f|f|dv = [|°f|dL (v).

ProOF.

(i) = (ii): If f is S-integrable, then so is | f| and the conclusion follows from
Theorem 6.

(ii) = (ii1) is obvious.

(iii) = (i): Suppose °f is L(v)-integrable. By Theorem 7, we may find g
S-integrable such that °g = °f(L (v)-almost everywhere). By Corollary 5, we may
assume there exists a:X—>*0,1], gx)=a(x)f(x) for all «x
L(v)({x:"g(x)# f(x)})=0. Hence L(¥)({x:|g(x)— f(x)|>1/n})=0for n €N,
so v({x:[g(x)=f(x)] > 1/n})=0. Let I={n:v(ix:|g(x)-f(x)|>1/n})<
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1/n}. Then I is internal, and contains all finite n. Thus, it contains some infinite
w. Let A ={x:|gx)—f(x)|>1/w}. v(A)=0.

f |g|dv =f I'g |dL (v) (since g is S-integrable)
= relae)

=f_ [fldL(v)  (since f=°g on X—A)
= [ rflaLw)

= Iflas (by (i)

But since g(x)= a(x)f(x) for all x,

°L ‘3‘f|d”=°fx |fl-lgldv=0.

Therefore [x|g—f|dv=0. If g. is a sequence of finite functions such that
f1g.—g|dv—>0,then"[|g, — f| dv— 0. Thus f is S-integrable by Theorem 4.

DeriniTioN 10. For 1 =p <o, let SLP(X, o, v) be the collection of equiva-
lence classes of all f: X —*R such that f is s#-measurable and |f[’ is
S-integrable (with respect to v), under the equivalence relation f,~f, &
(| fi—f:IPdv)"» =0. We may define a norm by ||f|l, =°(f|f[Pdv)"". As is
customary in standard analysis, we shall often think of an element of SL? as a
function, rather than as an equivalence class of functions.

THEOREM 11.
i} Suppose f: X > *R is s -measurable. Then

fESLY (X, d,v) & fEL (X, L(«),L(v)) and |f[,=1'fl.
& fELX L(A),L(»)) and |fl,=I'fl,

i) If g: X—> R isin L°(X,L(A),L(v)), there is a unique f € SL?(X, A, v)
such that °f = g(L(v)-almost everywhere).

iii) SL?(X, o, v) and L?(X, L(«), L(v)) are isometrically isomorphic via the
standard part map f—"f.

iv) Suppose ‘v(X)< +w, fESL'(X,d,v), and 1=q=p. Then f€E
SLUX, A, v).
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PROOF.

i) Assume f is sd-measurable. Then f € SL?(X, &, v) & |f|? is S-integrable
S| flP is L (v)-integrable and  “[x|f|Pdv = [x|f]PFdL(v) & fE
L?(X,L(A),L(v)) and | f|, =|°f),- The proof of the second equivalence is
identical.

i) Let B ={x:g(x)>0}. By Remark 2, we may find A € of such that
L(v)(AAB)= 0. Hence we may lift max (g,0) and min (g, 0) separately. It is thus
sufficient to consider the case where g is positive.

Since g € L?(X, L(«), L(v)), g° is integrable. Hence by Theorem 7, there
exists fi S-integrable such that f, = g?(L(v)-almost everywhere). Let f=
(max (f1,0))"?. f* is S-integrable by Corollary 5 and °f = g(L(v)-almost
everywhere). Uniqueness follows from Corollary 6.

iit) This is now clear.

iv) If A €4,

[ irva= [ ipiave | ippavs [ 1fpdv+va)

In particular, *fx|f|°dv < + ® and, if v(A)=0, [4|f|%dv =0.

THEOREM 12. Let P be an internal partition of X with P C o, and let o{’ be the
internal *-algebra generated by P.

i) Suppose f is L (A )-measurable, f I 4 is constant for each A € P, and there exist
C,CR,U.C, =R U{+», —o}—{0}, such that L(»)(f (C.))< + foralln €
N. Then f is L(')-measurable.

ii) Suppose P is *-finite, L(v}(X)< +o, and h € SL*(X, o, v). Then
E(h|AYESL?(X,A',v) and "E(h | 'Y= ECh | L(A").

Proor.

i) For x € X, let A, be the element of P such that x € A.. Let « €R,
B={x:f(x)#0, f(x)<a}. Let B.,=BNfC,); thus B=U.B, B.€
L(«),L(v)(B.)< +»,x €EB, > A, CB..

Given ¢ € R*, we may find F,G € & such that G D B, D F,v(G — F)<e&.
Define G'={x: A, CG}, FF={x:A,NF#J}. Then G', FF€ «', and G D
G'DB.DF DF, so v(G'—F')<e¢. Since ¢ is arbitrary, B, € L(&'), so
B e L(A'). Thus f is L(«')-measurable.

ii) Let g = E(h | '). Since P is *-finite,

V( ) A) =0;
AEP
v(A)=0
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thus, we may assume that v(A)>0 for all A € P. Then for x € A,

g(x)=—V(—1A—)L hdv.

If B€ o', write B=U?_, A, where @ €*N, A, € P. Then

P
L [ hav

=> v(A.) 2A) ) a

=3 u(A) L ' v

- L b Pdy.

In particular, “[x|gl’dv< +» and, if »(B)=0, [s|gl|dv=0. Thus,
gESL(X, A", v).

By Theorem 11(iv), g,h € SLY(X, o, v). If D € L(A’), there exists C € o’
such that L(v)(CAD)=0. Hence

L ’gdL(v)=fC °gdL(v)=°L gdv=°L hdv =L ‘hdL(v)=L "hdL (v).

Since °g is L(sf')-measurable, g = ECh | L(A")).

We now prove a representation theorem for Lebesgue measure on the unit
interval. We shall show (Corollary 17) that there exists a *-finite measure space
(X, &, v) and a measure-preserving transformation from (X, L(&f), L{v)) onto
[0, 1]. The idea of using the standard part map in the following construction was
suggested by Donald J. Brown. Standard part maps have appeared in many
guises in nonstandard constructions, and seem to be fundamental tools. See also
Corollary 28 and the article by Peter A. Loeb, Applications of nonstandard
analysis to ideal boundaries in potential theory, in this volume.

NotaTiOoN 13. Let n €*N — N, Y = *[0, 1], with 0 and 1 identified. Let € be
the *-algebra of all internal unions of intervals of the form [i/7, (i + 1)/n), where
0=i<nm, i€*N. Let A be the *-finitely additive set function such that
A(i/m, (i +1)/m))=1/n. Let st:*[0,1]—[0,1] denote the standard part map
x — "x. Finally, let (W, 8, u ) denote the Lebesgue measure space on [0, 1], with 0
and 1 identified.
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THEOREM 14. With the notation above, st:(Y,L(%),L(A)—(W,B,u) is
measurable  and  measure-preserving  (i.e. BE B > st (B)E L(¥),
L) (st™'(B)) = u(B)).

Proor. First consider an interval [a,b). Then

st_'([a,b))= "Ql 'él [[ﬂ(a:’l/")]’/['ﬂ(b _nl/m)]) € L(%),

since it is a countable union of countable intersections of sets in €. Moreover,

LM (st™ ' ([a, b)) = Lim lim"(b -a +%~%> =b—a=pu([a b)).

—»0 n—po

Hence if B is any finite disjoint union of such intervals, L (A )(st™'(B)) = u(B).

Since L(%)is a o-algebra, {B:st™(B)€ L(%)} is also a o-algebra. Thus, if B
is any Borel set, st (B)E L(%). Thus, u(B)= L(A)st™'(B)) determines a
measure on the Borel sets which agrees with Lebesgue measure on the ring of
finite disjoint unions of left-closed, right-open intervals. By the uniqueness
portion of the Caratheodory Extension Theorem, u,(B)= u(B) for any Borel
set B.

Finally, if B € 8, find F, G Borel sets such that FCB CG, u(F)= u(G).
Then st”(F)Cst™'(B)Cst™(G), and LAYst ' (F))=u(F)=u(G)=
L(A)st(G)). Since (Y,L(€),L(A)) is complete, st™(B)E L(%), and
L(A)st™(B)) = u(B).

CoroLLARY 15. Suppose f: W — R is u-integrable. Then g = fost: Y > R is
L(A)-integrable, and [y gdL(A)= [wfdu.

Proor. If f is a simple function, the result is immediate. The general result
follows from a routine limit argument.

CoroLLARY 16. Theorem 14 and Corollary 15 hold if (Y,L(%),L(1)) is
replaced by (Y, L(*%3),L(*u)).

Proor. Immediate.

CoroLLarY 17. Let X ={1,---,n}, o the *-algebra of all internal subsets of
X, and v the counting measure v(A)=| A |/n. Then there is a measure - preserving
transformation T :(X,L(sf),L(v))— (W, B,n). Hence if f: W—R is p-
integrable, foT: X — R is L(v)-integrable and [xfoTdL(v)= [wfdu.

Proor. Since any ‘6-measurable function must be constant on each interval
[i/m, (i + 1)/n), there is an obvious measure-preserving transformation from X
to (Y, €, A). Let T be the composition of this with st: Y - W.
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REMARK 18. Let
B,={BC[0,1]:st(B)Ea(*B)},

®B,={B C[0,1]:st(B)EL(*B)},
B, = {st(B): B E o(*B)}.

Ward Henson has shown that @&, is the class of all Borel sets, and that %, is the
class of all analytic sets. It follows that %, is exactly the class of Lebesgue sets.

It is natural to ask what is the relationship between *f and f ost. We have the
following theorem: Suppose f:[0,1] > R U{+ =, —} is & -measurable. Then
‘*f(t))=f(Ct) for L(*u)almost all ¢ Moreover, if fe€L? *fe
SL*?(*[0,1],*%, *u). Since this result is not required for the development of
Brownian Motion and It6 Integration, we shall not prove it here."

We now turn to a non-standard version of the Central Limit Theorem.

DEeFINITION 19. A random wvariable on (X, o, v) is a function x: X - *R
which is & -measurable. A collection {x:}e; of random variables is *-independent
if, for every *-finite internal subcollection {x,,-**, x.} (m € *N), and every
internal m-tuple (a;," "+, a,)E *R™,

v({w:x(w)<a, L xm(@)<a,})= lj v{{w: x(w) < acl).

The collection {x;}ic: is S-independent if, for every finite subcollection
{x1,- -+, xn} (m € N), and every m-tuple (a;," ", a.)ER"

v{w:xi(w)<ay, - xn (@) < an})= H v({w: x(w) < al).
=1
LeEmMA 20. Suppose {x:}:c: is an S-independent collection of random variables
on (X, d, v). Then {x.}ic: is an independent collection of random variables on
(X, L(#£), L(v)).
Proor. Suppose m € N,(a)," -, an)ER™.

Lv){w: x(w)<ay,- "%, <an})

= lim °v({w: x(w) < a,——’ll—, s X (@) < am —%})

n—soo

" This result will be proved in another article, along with a generalization of this representation
of Lebesgue measure to Radon measures on arbitrary Hausdorff spaces.
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-t ([ {{orn <=2

=] L(y)({w:"xgi(w) < a;}).

j=1

THEOREM 21. Suppose {x.}.e-n is an internal sequence of *-independent
random variables on (X, o, v) with common standard distribution function F.
Suppose further that E(x,) =0, E(x%) = 1. Then foranyn € *N — Nand a € *R,

v({o: =3 nw=af)= v,

k=1

where y(a) is the standard Gaussian distribution.

Proor. Let G be the distribution function of "x, as a random variable on
(X, L(sf), L(v)). We shall show that G =°F, and hence F = *G.

Fix a ER, ¢ € R". F is *-right continuous. Hence there exists m € *N such
that F(a + 1/m)< F(a)+ &. Since F is standard, we may find m € N such that
F(a+1/m)< F(a)+e.

G(a)=L(vf{w :'x.(w)sa})= li_rg"v({w X (w)<a+1/m})
= lim F(a +1/m) = F().

Thus, {Xx.}se~ is a standard sequence of identically distributed random
variables. By Lemma 20, it is an independent collection.

E("x,.)=L asz(a)=f‘R adF(a)=0.

Similarly, E(x2) = 1. Hence by the standard Central Limit Theorem, with a and
¢ fixed as before, there exists n, € N such that

<eEe.

n>ne > rL(V)<{w \/LTuEO °xk(w)§a})—t[1(a)

Since {'x.} is independent, the distribution function of £;.,°x, is G" the nth
convolution product of G. Thus
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n>n,=>|G" (Vna)— ¢(a)| <e.

But F =*G. Thus, by the Transfer Principle, for any n € *N — N and any
a € R, F" (Vna)= ¢(a). But since {x,}.c-~ is a *-independent collection, F" is
the distribution function of Z;_, x.. Hence for a« € R,

n

v({w —\}—;2 x(w)= a}) =Y (a).

k=0

Since ¢ is continuous and both sides of the last equation are increasing, and
*P(a)=1, *¥(— a)=0whenever ‘a = + =, the last line holds for all « € *R.
Finally, we study the Loeb spaces of products.

THEOREM 22. Suppose we are given (X, o, v) and (X', ', v') with L(v)(X) <
+o and L(»')(X')< +o. Consider (XX X',L(dXs"),L(vXv")) and the
(complete) product (X X X', L(4)X L(A"), L(v)X L(»")), where o X ' is the
internal algebra generated by the Cartesian product of o and s{'. Then L (o X
ANVD L(A)X L(A') and

L(vxv') I LexLey = L(v) X L(v').

Proor. Fix A'€ o' {MEa(A): MX A’'E o(d4 X A")}is a o-algebra, and it
contains . Thus, it must equal o (). Fix any M € o(A). {M' € o(A'): M X
M'Ea(d X A')} is a o-algebra, and contains ', so it equals o(#’). Thus
o(d)x o(A'YCo(d X A'). By the uniqueness portion of the Caratheodory
Extension Theorem,

L(v X V) = L{v) X L(v")
a(sd)xo(st’) o(sd)xo(sd’)
Thus, L(s X A') contains the completion (with respect to L(v)X L(»")) of
o(A)x o(d'). It is now sufficient to show that L (s&f) X L(s") is exactly the class
of measurable sets in this completion.

Since L(sf) X L(A') is the o-algebra of the complete product, it contains any
set measurable in the completion of o(H)Xa(A’) (with respect to
L(»)X L(»')). On the other hand, suppose M = A X A’, where A € L(A),
A'EL(A'). Then by Remark 2, we may find BE &, B'€ &' such that
L(v)(AAB)= L(v')(A'AB’)=0, where A denotes symmetric difference. Then

L(v)xL(v')(BXB'AA X A')< L(v)X L(»')(BAA)X (A’ UB')U(A UB)
X (B'AA")=0.
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Therefore M is measurable with respect to the completion of (X X X', o(of) X
o(s'), L(v)x L(v')). Hence any set in L (&) X L (') is measurable with respect
to the completion of (X X X', o(A) X o(4'), L(v) X L(v")).

ReEMARK 23. The assumption that L(v)}(X) < + oo, L(v'}(X')< + =, is neces-
sary, as is shown by the following example. Let

X={}d={0,{x}} v({(x)=a
X' =} d'={D,{x}, v({x'}) = la

where @ =0. Then L(» X »')}(X X X')="(v X »')(X X X")="(a ) = 1; however
L(»)XL(»'(X X X")="a’(l/a)=0(+)=0. An analogue of Theorem 22 is
true, however, for o-finite subsets of (X, L(«#), L(v)) and (X', L("), L(v"));
this will allow one to deal with integrable functions. (X, L(sf), L(v)) is never
o-finite itself unless L(v)(X)< + o,

THEOREM 24. Suppose f: X — *R is of -measurable and g: X — R is L(A)-
measurable. If “{ 4 fdv = [ 4 gdL(v) for all A € o, and X has no atoms of infinite
measure, then °f = g(L(v)-almost everywhere).

Proor. If not, we may find BEL(«#) and B>a €R such that
L(v)}(B)E (0, +=) and °f(x)> B > a = g(x) for all x € B. By Remark 2, we
may find A € of such that L(»)(AAB)=0, and f(x)= 8 for all x € A. Then
fafdvZ°(Bv(A))= BL(v)(B), while [4gdL(v)= fsgdL(v)= aL(v)(B), con-
tradiction.

3. Brownian Motion and Wiener measure
A Brownian Motion on a probability space (2, 2, P) is a function 8: [0, 1] X
Q) — R such that

i) B is a stochastic process; i.e. for each ¢ € [0,1], B(t,°) is a measurable
function of w.

ii) For s <t€[0,1], B(t, w)— B(s, w) has a normal distribution with mean 0
and variance t — s.
iii) B is a differential process; i.e., if

Si<HES<LE - =5,<t €[0,1],
then

{B(tla w)_ B(sls w)’ T B(t"’ (1))“ B(S,‘, w)}

is an independent set of random variables.
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It is shown in the standard theory that, if ) is the Lebesgue measure space on
[0,1], there is a Brownian Motion defined on Q.

Two stochastic processes y, x’ are said to be equivalent if, for all ¢+ € [0,1],
P({w: x(t, ) # x'(t, »)} = 0. It might happen that, for a Brownian Motion S, the
“path” B(°, ) is not continuous for any w. However, it is shown in the standard
theory that any Brownian Motion is equivalent to a Brownian Motion in which
all paths are continuous.

We shall construct directly a probability space and a Brownian Motion on this
space in which almost all paths are continuous.

NotaTioN 25. Let  be a fixed element of *N,Q={-1,1}" = {internal
n-tuples of — 1’s and + 1’s}. Let & be the *-algebra of all internal subsets of (1,
and let v be the counting measure v(A)=|A|[/2". We set (0,9, P)=
(Q, L(«A), L(v)). Thus, (2,2, P) is a standard probability space. We define a
*.random walk on (), &, v) by

7t}
Xt 0)= = |5t = (Do |

where t €*[0,1], w €Q. Let B(t,0)="x(t, w) for (t, ) €[0,1] X Q.
THEOREM 26. If n €*N — N, B is a Brownian Motion on (1, 9, P).

PROOF.

i) Fix t €0, 1]. x(¢,°) is an internal function of w, so it is v-measurable. Hence
by Remark 2, B(t,°) is & = L(sf)-measurable.

ii) Fix s <t €[0,1].

P({w:ﬁ(t’w)_ﬁ(s’w)éa})
=P({w:x(t w)—"x(s, 0) = a})
_ LR e
- ”({“" 2 \/:,="‘}>
1({ Ly Vi (@ + 1m)|) (where A = [nt] = [ns)
=lmiw:—= o = a n where A = —Ins
\/Ak=[n51 n n n

= lim"*¥(Vq/A(a +1/n)) (by Theorem 21)

n—sx

= lim ¥((V7/Aa + 1/n)))

-imv| v

n—»
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Therefore

P(lw: B(t,w)— B(s,w)< aVi-s})=¥(a),

so B(t, w)— B(s, w) has a normal distribution with mean 0 and variance t —s.
iil) Suppose s, <=5, <, =--- =5, <1, €[0,1]. Then

{X(tl’o)— X(Sl +%’o>, .. ',X(tn,°)_X<s" +%’o)}
is *-independent, and hence S-independent. By Lemma 20,
(B1,2) = Bls1®).~ Bltn=) = 5w}
is independent.

THEOREM 27. B(°, w) is continuous and finite for almost all w. In fact, x (o, w)
is near-standard in *C|[0,1] for almost all .

Proor. If n €N, the result is obvious. Now suppose 1 € *N — N. For
m, n € N, define

Q,,.,,={w:5|.~<,. sup  x(bw)— inf X(z,w)>;n1—}.

tE[i/n(i+1)/n] 1E€[i/m(i+1)/n]

Note that ,,, is internal.

2 ( Q) = nv({w : (sup—inf>X("“’)>%}>

t€[0,1/n)

=mvf{oimay |3 o> %)) ohere r=nin+)
énv({w"?gfiwi>l:7"}>+"”({w:?§ii‘i“"‘<‘;/_m:'}>
oo $ ) e <)
ol > )

] (by Theorem 21)



32 R. M. ANDERSON Israel J. Math.

= 4n—f e dt
vzﬂ' vVn/i2m

®

< 2nJ’ e " dt (provided V'n/2m >1)
Vnizm

=d4pe Vm,

Let
Q=0-U N
m=1 n=1

P(QV)=1—sup inf v(Q...) = 1—sup inf 4ne """ =1,

Suppose that s=t€*[0,1] and x(s,w)# x(t®w). Then if m>
2/ | x(s, @)= x(t, )|, @ €EQ,,, for all n, so w& Q. If “x(s,w) = +o for some
s € *[0,1], then w €1,,, for all m and n, and again o & (V.

Suppose @ € £¥. By the preceding paragraph, B(t, ) is finite for all ¢. Fix
t €[0,1] and suppose we are given ¢ ER".

{n:|t—s|<1/n > |x( w)— x(s,w)| < e/2} is internal and contains all in-
finite n. Hence it contains some finite n. Thusif [t —s| < 1/n,| x(t, 0) — x (5, 0)| <
£/2, so |B(t,w)— B(s,w)| < e. Hence B(°, w) is continuous.

It remains to show that y (e, w) is near-standard. Since B(°, w) is continuous,
t=s>*B(t w)=*B(s, w). Hence, for t € *[0, 1],

'*B(t’w)_)((t’w)lél*B(tvw)_B(ct’w)'+'B(et’w)_X(ct’w)l

+|x(t, 0) — x(t, )| =0.

Hence || *B(°, w)— x(°, w)|l-=0, so B(°, w) is near-standard in *C[0, 1]. This
completes the proof.

Wiener measure is defined to be the unique Borel measure on C[0,1] such
that the following two conditions are satisfied:

i) The measure of {f: f(t)<a}=¥(a/V1),

i) f s, <y =---=s5,<t,€[0,1], then the random variables {f(t)—
f(s1), - - -, f(t.) — f(s.)} are independent.
Sets in the ring generated by sets of the form {f: f(t,) < a, -, f(t.) < a.} are
called finite cylinder sets. The uniqueness of Wiener measure follows from the
fact that the finite cylinder sets generate the Borel o-algebra on C[0,1]."

' See [3].
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Because of Theorem 27, the space (£}, %, P) induces a measure space
(C[0,1], &, P') by E€eé¢o{w:B(e,0)EE}ED and P'(E)=
P{w: B(°,w)€E€ E}) whenever E € €. Since € contains all the finite cylinder
sets, it must contain all the Borel sets. Moreover, the conditions in the definition
of Wiener measure are satisfied. Hence, we have the following result:

CoroLLary 28. (C[0,1]),%,P’) is an extension of Wiener measure if
nE*N-N!

We now wish to prove a special case of Donsker’s Theorem. We introduce a
subscript 1 to indicate the dependence of ()., 8., P,, etc. on 7.

THEOREM 29. {P!}.,cn converges weakly to P’ (i.e. if F is a bounded continuous
function from C[0,1] to R, then [ FdP.,— [FdP').

ProoF. Let 71, 7. € *N — N, and let ¥ be the Borel o-algebra on C[0,1]. We
have shown that P)|s = Pl,s = P'. Hence, if F is a real-valued bounded
continuous function on C[0, 1],

f FdP), = f FdP,, = f FdP'.
clo.1) clo.1] Clo,1)

Therefore

[ e ondp @)= [ F@ue ondp@)= [ Fap
O, ., cfo.1)

Since F is continuous and y.(°,®) is near-standard for P, -almost all w,
*F(Xn (¢, ))=*F(*B.(°,w))= F(B,,(°, w)) for P,-almost all w. Since F is
bounded, *F(xa,(°,®)) € SL'({},,). Hence, by Theorem 6,

).

Fle @)= [ F(B (o, 0)dPo(w)

1

=[P, @)@

2

=[O, 0@

2

Therefore

' Ward Henson’s result referred to in Remark 18 shows that € is in fact the completion of the
Borel o-algebra on C[0,1].
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tim | FG(e, 0))dv (@)

nEN

exists and equals

J’n *F(xm(o,w))dv,,,(w)=Lm] FdP'.

4. Stochastic integration and It6’s Lemma

In a sense, the stochastic integral with respect to Brownian Motion may be
thought of as a generalized Stieltjes integral. However, the standard approach to
stochastic integration masks this analogy; the problem is that almost all
Brownian Motion paths are of unbounded variation. However, the random walk
x defined in Section 3 is a function of bounded variation in the non-standard
sense. Hence, one can define a Stieltjes integral with respect to y. We shall show
that this Stieltjes integral is the same as Itd’s stochastic integral. While this
process is of difficulty comparable to that of giving Itd’s original definition,
subsequent computations (including the proof of Itd’s Lemma) are substantially
simplified.

The standard It6 integral is defined in the following way ([8], [11]). Suppose B8
is a Brownian Motion on any probability space (€}, @, P). Let {@.}.ci0.) be 2
collection of o-algebras such that

) 209 ift>s.

ii) B(t°) is &,-measurable.

i) if t=s <=5, <, =---=5,<t, then % is independent of the o-
algebra generated by

{B(t1’°)_ﬁ(sla°)v' " B(l,.,")—B(S,.,")}.

Let %, be the set of all g such that

i) g € L*[0,1]xQ) (the complete product).

ii) For each t €[0,1], g |,0,1xq is B X &,-measurable (g is said to be progres-
sively measurable).”
Let 4, be the subset of ¥, satisfying the additional assumption

iii) There exist 0= t, <t,<---<t, = 1such that, for each w, g(t, ) = g(t;, w)
for t €[t t.1).

For g € 4, the stochastic integral is defined by

* The assumption g € L? can be weakened to g(°, @) € L*([0, 1)) for almost all w. For if one

defines g.(,w)=g(t,w) if |g(c,®).=n, and 0 otherwise, then g, € L% One then defines
JgdB(w)= [ g.dB(w) where n = [ g(°, w)|..
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[ 8r 018 0)= 3 81 0) (Bt 0) = Bt 0)

+ g(tk’ w)(B(t’ w)-— B (&, w)),

where k = max{i:# =t}. Thus, the stochastic integral is a stochastic process.
One shows that, for g € 4, ||f gdB|.= | g |l and that %; is L*-dense in %.
Hence one can define [ gdB for all g € %, by extension. However, in order to
establish several important properties of the stochastic integral (including
continuity in t), one must give additional arguments involving uniform con-
vergence on subsequences.

We shall deal with the Brownian Motion B8 and the probability space (2, &, P)
defined in Section 3. However, in order to allow integration of functions g which
depend on information not contained in B, it is convenient to modify the
definition slightly.

Let O ={—1,1}>""" = {internal (21 + 1)-tuples of + 1I’s and — 1’s indexed
by the set {— 7, - -, n}}. As before, o is the *-algebra of internal subsets of , v
counting measure, and (2, %, P)=(Q, L(A), L(v)). B and y are as defined
before. Thus, B(°,w) and x(°,w) depend only on w;, for i>0. Let )=
{w: (o, -, 0,) belongs to ' as defined in Section 3}.

For i €{0,1,---,n}, let ~; be the equivalence relation on Q defined by
w~0'& w=w; for all j=i Let o be the *-algebra generated by the
partition of Q into equivalence classes with respect to ~,, and let ¥, be the
external algebra of all unions of these equivalence classes. By abuse of notation,
we shall let L (/) denote the inte.section of #; and the completion of o ().
For t €[0,1], let 9, be the o-algebra generated by

N L(#)

i=0
ilm=t

and B(t,0). Then {D },cp.) is a family of o-algebras as outlined above.
Define ¥ to be the set of functions g such that
i) gE€L[0,1]xQ).
ii) For each t €[0,1], g(t,°) is &,-measurable.
Thus, ¢ D 4. The *-finiteness of the measure spaces  and (Y, ¢, A) will make
the assumption of progressive measurability superfluous.
We shall employ Notation 13. We shall define the stochastic integral for the
following class & containing .

DermniTioN 30. Suppose f:[0,1]XQ - R U{+ o, —x}. We say that g is a
p-lifting of f if
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i) geESLP(*[0,1]XQ, € X, A Xv).

ii) "g(t, w)= f(t, ) for L(A X v)-almost all (¢, w).

iti) For all ¢t € *[0,1], g(t,°) is & ,,;-measurable.
Let ¥ be the class of all f having 2-liftings.

LemMA 31. Suppose f € L?([0,1] X Q) and, for each t €[0,1], f(t,°) is D,-
measurable. Then f has a p-lifting. In particular, ¥ D 4.

Proor. Suppose f € L?([0,1] X £2) and f(t,°) is @,-measurable (r € [0,1]). Let

D= O L(st).

i/m=t¢

We shall first modify f on a set of P-measure 0 to find a function f’ such that
f'(t,o) is D'-measurable.

Define an equivalence relation ~, on ) by o ~,0' & o, = 0| for all j =0
and all j such that °(j/n)<t Let

f(t, ") if there exists o' € £’ such that o ~,w'
fihw)= {

0 otherwise.

In order to see that f’ is well-defined, suppose w’, »" € (¥, and o'~ ,w". Then
B(s,w")= B(s,»") for all s <t; since w', w"E€Q', B(°,w’) and B(°, w") are
continuous; thus, B(t, o') = B(t, »"). Since f is &,-measurable, and '~ ,w",
fltw)=f(t ).

Suppose i € *N, i=0, (i/n)=t Then, for any 0w, 0"€Q, o'~ 0">
f'(t, )= f'(t, »"). By Theorem 12, f'(t,o) is L (&f;)-measurable. Hence f'(t,°) is
@'-measurable. Since f'(°, w) = f(°, w) whenever w € ', we may substitute f’
for f and assume without loss of generality that f is &!-measurable.

For (t, ) € *[0,1] X Q, let fi(t, )= f(t, w). By Theorem 14,

fLELP((*[0,1] X Q,L(€)X D, L(A)X P));
by Theorem 22,
fLE LP(*[0,1] X Q, L(€ X o), L{(A X v)).

By Theorem 11, there exists h € SL”(*[0,1] X Q, € X &, A X v) such that
h(t,w) = fi(t, ) = f(t, ) L(A X v)-almost everywhere. Let €’ be the *-
subalgebra of € X « generated by {[i/n,(i +1)/n)XA: A €A, 0=i <n}. Let
g=E(h|«'). By Theorem 12(ii), g € SL*(*[0,1]XQ,%’,A Xv) and g =
ECh|L(%"))=E(fi|L(€’))(L(A X v)-almost everywhere). But f; is L(€ X «)-
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measurable, and f, |[,~,,,,(,~+1),,,)XA is constant if A is any equivalence class mod ~ ..
By Theorem 12(i), f is L(%’)-measurable, so E(f;| L(€'))= fi(L(A X v)-almost
everywhere). Since g is €'-measurable, g(t,°) is &, -measurable. Hence g is a
p-lifting of f.

DerFinNITION 32. Suppose f € &, and g is a 2-lifting of f. Define

16,0)= [ f(r0)dB )= [ g7 w)ax(r )

where the last integral is a *-Stieltjes integral.

THEOREM 33. Definition 32 is independent of the choice of g, and coincides
with Ito’ s definition of the stochastic integral on G,. 1(t,°) is D -measurable for all
t€[0,1].

Proor. It is clearly sufficient to establish the result for t =1. Let G(w)=
fog(t, w)dx(t, w). G is d-measurable, so I(1,°) is @-measurable.

°L G(w)%w:"fn (:Z;;g(k/n,w)‘z;%de

=¢f "2_] &MﬂdV+2°f Z g(k/n’w)g(j/n:w)wiﬂwkﬂdv
Q k=0 n Q

j<k n

1
=°f fgz(t,w)dAdv (since g(°,w) is ¥-measurable)
9] 0

+2°2 wk+1de g(k/n’w)g(j/n’w)wfﬂdv
i<k Jo a n

(since g(k/m,°), g(j/n,°), and w;., are all sf,-measurable, while w,., is

independent  of #)=|gl5+0 (since fowisidv=0). Therefore

JG(0)dL(v)=| g|B. Thus, if g, and g, are liftings of f, and G, and G, are the

resulting integrals,

L |"G.—“G2]2dL(u)§°L Gy~ Gl dv = || g1~ s [E= 0.

Thus, "G, ="G(L (v)-almost everywhere), so the integral is well-defined.

We will now show that Definition 32 is the same as Itd’s definition. Suppose
first that f € ;. Then we have 0 = t, < ¢, <---<t, = 1 such that f(t, ) = f(t, @)
for t € t, t..,). Thus, we may take g a lifting of f such that g(t, ») = g (s, ) for
t € *[t, tir1), and "g (4, w ) = f(1, ) for almost all w (with respect to P). Thus, for
such o,
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n—1

G(w)= ZO g (t @)(x (tirr, @) = x (1, @)) = g f(t, @)(B(tii, @) = B(8; @))-

Therefore, °G is the 1t6 integral of f. Since ¥} is L*-dense in 9, and || G |. = f||.
for f € 9, the integrals coincide on %,.

We shall now give an example illustrating the utility of this characterization of
the stochastic integral.

ExaMpPLE 34. Let f(t,w)= B(t, w), Then in Definition 32, we may take
g(t, @)= x([m), w). Then

[ e )8t 0)

=1 n-1

=3 x(k/n, 0yt =

(see-24)-2((E%)-27)

j=1

1.
2
1. . | PY
=51 )= 1)=5(B(1,w) - 1).
2 2
THEOREM 35. Let f € &, and let g be a 2-lifting of f. Then for P-almost all o,

G(t,w)= fo! g (7, w)dx (7, w),

viewed as a function of t € *[0,1), is near-standard in *C[0,1). Hence, for
P-almost all w,

16,0)= [ f(r0)dp(r o)

viewed as a function of t €[0, 1], is continuous.

ProOE. Let p be any element of *N such that p/n = 0. Let €, be the internal
*.subalgebra of € consisting of internal unions of intervals from the collection

{lip/n, (i + Dp/n):0=i=[n/p]-1}U{[[n/p]lp/n,1]}.
Then, since f, (defined by fi(t, w) = f(t, w)) is L(%, X &f)-measurable, we may
find g, which is %, X sf-measurable and which is a 2-lifting of f. Then

lg;—gl.=
By Theorem 27, @ EQ'> (s =t 2 x(s, w)= x(f, w)). Thus, for any m € N,
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the set An ={w:|s~t|<p/n > |x (s, 0)— x(t, w)|<1/m} is internal and
contains (V'; therefore v(AL)=1, so v(A%)>1-1/m. Then we may find
m, E*N—N, and A’ € o such that

v(A?)>1-1/m, =1

w €A’ (s—t[<p/n = |x(s0)~x(tw)<1/m, =0).

Let
Vm, g,>Vm,
& =1 g lgsl=Vm,
-Vm, g;<-Vnm,

Since g,€ SL? g, € SL? by Corollary 5 and

lg—gl=llg. —golo+llgr—gl= "8 —gsl-+1g,—gl=0.
Define

Gp(t,w)=f' g (1, w)dx(r,w) for t€*0,1).

If s,t€*[0,1],|s—t|<p/n, and w € A*,

[ 8t w)x (o)

= 8. 0)(x([ 2] £ 0)- x(s,))

pln
+8 (1 w) (x(t, w)—x([;—"]f, w))
gz\/ﬁ-"ll—pzo.

For j=0,1,,---, 7,

} foim (g (7 ) — g(1, w))dx (7, »)

is a positive submartingale. Hence by Doob’s Inequality [4, p. 317]
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fn 2}}(?” (G(t,w)— G, (tw))dv =4 . (G(1,w)— G.(1, )y dv
=4|g-gl:=0.
Therefore, for P-almost all w, G(t, w)= G,(t, w) for all ¢.
Fix m EN. Let BT ={w:|s—t|<p/n 2> |fig(r, w)dx(r,»)|<1/m}. BY is
internal, and contains a set of P-measure 1. Therefore v(B7)=1.
Fix n € N. For any p € *N such that p/n =0, »(B7)>1-1/n. Hence, for
every pair (m, n) € N7, there exists pmn € *N, pma/n# 0, and C,., € A, such that

1
p(Con) > 1=

& € Co |5 = 1< punln > IG(t,w)—G(s,w)[<%,

Let C=MN5, Uil G P(C)=1. 0 EC D (s=t> G(s, 0)= G(1, w)).
Then, as in Theorem 27, we conclude that w € C = G(°, w) is near-standard in
*C[0,1], and I(°, @) is continuous.

CoRrOLLARY 36. Suppose fE€ F. ThenI1 € &, Iis B X D-measurable, and °G is
L(%)X @-measurable.

PrOOF.

G(tw)= J;t g (1, w)dx(r, w)
= [:g g(f, w)-‘z}—%"r g(mnd, w)g\}"—%(nt ~[nt].

Thus G(t,°) is & (n.,-measurable, so I(t, ) is L(s4,,.1)-measurable.
Let

Itte) f J0'EC, w~.0
I'(t,w)={

0 otherwise.

Then as in the first paragraph of the proof of Lemma 31, I'(r,e) is D'
measurable.

For P-almost all w, G(°, w) is near-standard in *C([0, 1]); hence, for such w,
*G(t,w) = I(t, w) for all . Since I(°, ) is continuous for these w, and I(f,°) is
@ -measurable for all 7, I is % X @-measurable. Therefore I' is B X D-
measurable, I' € L*([0,1] X ), and I'(t,°) is 2,-measurable, so I' € 4. There-
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fore I€ %. Since I is B X P-measurable, "G is L(€)X P-measurable by
Theorem 14.
We can now give a proof of 1td’s Lemma ([7]).

THEOREM 37. Suppose h:R™—>R is C°’, fi€F (1=j=nl=l=m),
Bi,- -, B. are Brownian Motions arising from *-independent random walks
X1, ° 5 Xn With increments wi/Vn(1=j=n1=i=n) in the manner of Section
3. Suppose a; € L'([0,1] X Q, B X D, u X P), and ai(t,°) is D,-measurable. Let

Lt )= f a (7, 0)dr +2f0 £ (7, 0)dB (1, 0) (1=1=m)

It w) = (Li(t, @), "+, L. (t, @)
H(t,w) = h(I(t, »)).

Then H is a stochastic integral; in fact, if h; and hy denote partial derivatives,

H(,0)= HO,0)+ 3 [ Wi w)a(r w)dr
I [ r o
33 [ helim )i o) (r 0)dr
+ 3 [ o) 0)dp ).

Proor. The essential difficulty in the standard proof is assigning meaning to,
and proving, the heuristic formula dB; dB; = 8;dt. In our formulation, over the
interval [(i — 1)/, i/7n), we have

2
@y =(ZE) =1m=a
The proof consists of an elaboration of this observation.

For simplicity of notation, we shall assume that m =1 and n = 2; the proof
extends immediately to the general case. We shall write fi, f; for fi and f>
respectively, and let g, g, Gi, and G, correspond as in Definition 32 and
Theorem 33. Using Lemma 31, let b be a 1-lifting for a (= ay).

If ¢t is finite and =0, |h"(t)—h"(t+8)|=0. Therefore there exists
M € *N — N such that

€= sup |h"(£)— h"(t + 8)|=0.

e}<M,|8]<3n '3
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Let G(t, )= [ob(r, w)dA(1)+ Gi(t, )+ Git, w). By truncation, using Corol-
lary 5, we may assume | b(t, )|,| g (t, »)| < min{n"® ¢ 7). Therefore

| G(i/m, @)= G((i — 1)/n, )| <min{3n 77,37 07}

Let M, = sup,e~pymax{| G(t, w)|,|*h'(G(t, w))|,|*h"(G(t, w))|}. For P-almost
all w, G(°,w) is near-standard, so M, is finite.
Suppose ¢ €[0,1]. Then

H( w)- HQO, »)

=(*n(o (1 0)) - *n(G0,07)

= (& (#(0(e))-m(e(5H))))

S (el of'5e)
S (o5 ol

where the g;’s are error coeflicients.

3|~
S
~—
|
Q
™
:“
=
S
~—
~——
~N

nt]
Z | e (G (i/m, 0)— G((i — 1)/n, w))

=n_sup, |h"(G(i/n,@)+8)= K'(G(iln, 0)]Oc *n")

18]<3n

=9 =0, for almost all w.

Hence we may neglect the ¢;’s.
The first summation yields

S h (G (i~ 1im, )G (i/m, w) ~ GG - D, w)

i=1

- 3:‘ *hA(G(( =D/, Db ((i = 1)/1, @)

i=1 n

(mt]

+7> *R(G((i — 1)/n, w)gul(i — 1)1, @)@ /Vn

i=1

[n]

+°3 *R(G((i - 1)1, 0))ga(i — 1)/n, @)wx/V 7.

i=1
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Let n€N, A, ={w:M, <n}. A, is internal, and P(U3., A,)=1. For any

BEd, let B,=A,NB. Since *h’>G |5, is bounded by n and b€ SL’,
b*h'-G IB" € SL' by Corollary 5.

f E] *h'(G((i = 1)/m, @)b((i = 1)/, @)/n dv
= DJ'[O"IXB" *h'(G(nt]/n, @)b([n7])/n, @)d(A X v)
) f(, Ch (G ([nr)im, @) b([n7l/n, @)dL (A X v)

= j j " RICT, 0))a(r, ©)dL(A)dP

(since h’ is continuous, and "G, b are
L(%)x 9-measurable)

= [ j h'(I{r,w))a(r, w)drdP (by Theorem 14).
B, 0
Thus, by Theorem 24,

at]
S *h(G((i = 1)/, 0))b((i — 1)/n, )/

i=1

= J” h'(I(r, w))a(r, w)dr

for P-almost all w in each A,, and hence for P-almost all w.
Restricting to A, *h'(G([n7]/n, 0))g(n7]/n, @) is a 2-lifting of
h'(I(7, w))f;(7, »). Hence

[n¢]

> h(G (i - Dim, 0 )gi((i — 1)/m, @)w:/ V7

= [ W 0D 0)d8 5 0)

for P-almost all w, by Theorem 33.

It remains to evaluate
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7 Vn Vi

(5] af5he) st
S N T A NI A W
n 7 7

= nMwn +=—35=0 (almost everywhere).

g oAl el

Cr(e(Ghe)e (el (50 o)l m

\/;' nl/czo'

If we define a new random walk x' using @ = wyw,;, We see that this integrand,

when restricted to A,, is a 2-lifting of the identically zero integrand. Then by
Theorem 33, for almost all o,

S (a5 o (555 oreni

= J” dy'(r,w)=0.
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Finally,

o L 0

n
] )
- f[o,,]xgn h"(I(T, ®))fi(r, w)dL(A X v)

= [ wacs onfien )aLap

By Theorem 24, for almost all w € A,,

(el o5

i=1 n

|| wraen @pficn )ar )

f h"(I(7, w))f(r, w)dr by Theorem 14.
0

Putting these computations together, we have the desired result.
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